arXiv: 1505.02707vl [math.DS] 11 May 2015 


QUANTITATIVE RECURRENCE FOR GENERIC 
HOMEOMORPHISMS 

ANDRE JUNQUEIRA 


Abstract. In this article we study quantitative recurrence for generic home- 
omorphisms on euclidian spaces and compact manifolds. As an application we 
show that the decay of correlations of generic homeomorphisms is slow. 


1. Introduction 

The Poincare Recurrence Theorem states that, in a dynamical system preserving 
a probability measure on a polish metric space, almost every orbit returns as closely 
as you wish to the initial point. To be more precise, this means that: 

liminf d(T”(a:), x) = 0. 

n—¥-\-oo 

Now, if a dynamical system preserve a probability measure on a polish metric space 
and is ergodic then almost every orbit hit as closely as you wish on a fixed point y 
on the support of the measure. To be more precise, we have that: 

liminf d(T"(x), ?/) =0. 

n—>-+oo 

In |Bo] Boshernitzam proved that in very general conditions 

liminf n^(i(T"(x),x) < +oo 

n—>-oo 

for almost every point with respect to an invariant probability measure and for some 
/3 > 0. This result means that the speed of recurrence is not too slow with respect 
the sequence . So, a natural question is if the recurrence can be arbitrarily fast 
and the answer is yes as we will see in theorem]^ On the other hand, in |Bonj it 
is proved that in very general conditions 

liminf n“(i(T”(x), y) = +oo 

n—>00 

for almost every point with respect to an invariant probability measure and for 
some a > 0. This means that the speed of hitting is not too fast with respect the 
sequence n“. So, a natural question is if the hitting can be arbitrarily slow and the 
answer is yes as we will see in theorem |B] We also investigate the same question 
but in a non-compact setting as we will see in theorem ICl 
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2. Preliminaries 


2.1. Compact manifolds. Let M be a compact connected Riemannian manifold 
with no boundary. The measures that we will work are given by the next definition: 

Definition 1. We say that a borel probability measure on M is an 017(Oxtoby- 
Ulam) measure if: 

(1) fj, is nonatomic. This means that it is zero on singleton sets. 

(2) /r is locally positive. This means that it is positive on every nonempty open 


set. 


If p, is a probability measure on M and / : M ^ M is a measurable map then 
we say that / preserve p if p{f~^{Aj) = A for all borel sets A. Now, let us define 
the main space of this work. 

Definition 2. If p is an OU probability measure on M then we define: 

M.[M,p] := {f : M ^ M : f is a homeomorphism preserving p} 
with the uniform topology given by the metric: 


\\f -g\\ ■■= esssup^(zMd{f{x),g{x)) 


The space M. [M, p\ is not complete with this metric but there exists an equivalent 
metric such that this space is complete with this new metric. Then we can apply the 
Baire Theorem for M. [M, p]. See |BF] for more details. A set which is the countable 
intersection of open sets is called a Gs set. We shall call a subset TZ c M.[M,p] 
generic if it contains a dense Gs set. It follows from the Baire Theorem that a 
generic subset is dense. Now, let us remember the classical Poincare recurrence 
theorem. 

Theorem 3 (Poincare). Let us suppose that (A, d) is a complete and separable 
metric space and T : X ^ X a measurable map preserving a borel probability 
measure p on X. Then: 

(1) liminf„^+oo d{T^{x),x) = 0 for p a.e. x G X. 

(2) If y G supp{p) and p is ergodic then liminf„ ^+ood{T^{x),y) = 0 for 
p a.e. X G X . 

So, an important problem is to study the speed of those limits. 

2.2. Euclidian Spaces. Let us denote by K" the n — dimensional Euclidian Space 
and A the lebesgue measure. 

Definition 4. Let us define the following space: 

Ad)®", A] := {/ : K” —)> K" : / IS a homeomorphism preserving A} 

In this space we put the compact-open topology, where the basic open sets are 
given by: 


C(/, K,5)-.= {gGM [R", A] : \g{x) - f{x)\ < 5 for Xa.e. x G K) 


where K C M" is a compact set and d > 0. This space can be metrized as follows: 
Let Ki be a sequence of compact sets whose union is X. Then the compact-open 
topology is induced by the complete metric 
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where 

us{f,9) =niax(max|/(a:)- 5 (a:)|,max|/-i(a;)- 5 -^(a;)| ) . 

\^x^S x^S J 

Remark 5. The metric space is complete and then we can apply the 

Baire Theorem. In particular we can define generic sets are before. 

The Poincare recurrence theorem also holds in this setting but we need an ad¬ 
ditional hypothesis. 

Definition 6. We say that a measurable map T on (M", A) is conservative if always 
that E is a, borel set such that {T~^{E)}n>o are disjoint then we have that X{E) = 0 

Now, let us remember the Poincare recurrence theorem in this setting. 

Theorem 7. Let us suppose that T is a measurable map conservative and invariant 
with respect to lebesgue measure on R". Then: 

liminf c?(T"(a:), x) =0 

n—>-+oo 

for A a.e. x G M". 

It is well known that every ergodic map with respect to a non-atomic measure is 
conservative(see |Aa| l and that the ergodicity is a generic property in (]R"',A)(see 
[BFj l and then the Poincare recurrence theorem holds in a generic set. Then it is 
a natural question to study the speed of recurrence in this setting. 

3. Main statements 

Theorem A. Let be {rn) —-foo in 1R+, (Y, d) a metric space and f : M ^ Y a 
continuous map. Then there exists a generic set TZ C AI[M,/r] such that ifTGlZ 
then: 

liminfr„fi(/(r"(x)),/(x)) < -foo for p. a.e. x € M. 

n—v+oo 

Theorem B. Let be {rn) —-foo in {Y,d) a metric space, y & M and 
f : M ^ Y a continuous map such that m(/~^({/(2/)}) = 0. Then there exists a 
generic set Q <Z M. [M, y] such that ifTGQ then: 

liminfr„d(/(r"(x)),/(y)) = -l-oo for y a.e. x G M. 

n—>-+oo 

Theorem C. Let be (rn) — > -foo in K'*'. Then there exists a generic set % C 
AI[R",A] such that if T G TL then: 

liminf rji(i(T"(x),x) < -foo for A a.e. x G M". 

n—>'+oo 

To finish we have a consequence on the decay of correlations. Before let us recall 
this notion. 


Definition 8. Let R Lipschitz functions on M. If (M, T, y) is a measure 

preserving system then we say that T has a superpolynomial decay of correlations 
if: 


{(j) o T"')'il>dy — / (pdy / ipdy 




where limn,_>.+oo OnvE = 0 for all p > 0 and ||.|| is the Lipschitz norm. 

Now, let us recall the definition of local dimension with respect to a measure. 
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Definition 9. Let /j, be a borel probability measure on M. Then we define the 
local dimension of /i in x G M as: 


d^{x) 


lim 

r->-0 logr 


if this limit there exists. 


Then we have the following: 

Corollary 10. Let us suppose that there exists y G M such that d^{y) > 0. Then 
there exists a generic set Qi C A4[M,p] such that if T G Gi then the decay of 
correlations of T with respect to y is not super-polynomial. 


4. Proofs 

Proof. (Theorem!^ Let us begin with the following lemma: 

Lemma 11. Let be y an O.U. measure on M. Then, for every e > 0 the set of 
homeomorphisms T G such that y{Per(T)) > 1 — e is dense in 

where PerfT) denotes the set of periodic points of T. 

Proof. Let be given e > 0 and 5 > 0. Using Vitali’s covering lemma we can find a 
finite collection of disjoint balls such that DiamfUi) < 6 for each i and 

N 

Ui) > 1 — 

i=l 

Now, we take balls Vi GUi such that: 

N 

m(1J v,)>l- e. 

i=l 

Now, let be T G M[X,p\, V C U balls in X such that Diam{U) < S. Then it 
follows from corollary 9 in m that there exists g G M [X, y] and p G N such that 
gP is the identity on U, g = T on {7° and ||g —T|| < Diamly) < 6. So, there exists 
gi G M[X,y\ and G N such that g\^ is the identity on Vi, gi = T on Uf and 
Hill ~ 7^11 < Diam{Vi) < S. If we repeat the argument for gi in place of T and 
so on we obtain g 2 , ...jgN in X[[X,y\ and if we define g '.= gN then we have that 
g G M[X,g\, gP' is the identity on Vi for each i, g = T on {Ui U ... U UnY and 
||T — 5 II <6. As we have that y{Per{g)) > 1 — e then the proof is over. 

□ 

Now, let us come back to the proof of theoremlAl Given T G M[M, y], we define: 
TZ{T) := {x G M : limini rnd{f{T'^{x)), f(x)) < + 00 }. 

n—)-+oo 

Now, if we fix T G A4[M, y], k > 0 and n G N then we define: 

xUt) = {xGM: rndif{T-ix))Jix)) < k} 

Then, we have the following claim: 

Claim 1. 

=u n u <kiT) 

/c>0 m>l n^m 
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In fact, if x G TZ{T) then liminf„^+oo rnd(/(T”(x)), /(x)) = c G R. If we take 
k > c then there exists a sequence {rij) in N such that (x)),/(x)) < k 

for all j G N and this shows that x G Ufc>o nm>i Un>mOn the other 
hand if x G Ufe>o nm>i Un>m there exists k > 0 and a sequence 

rij in N such that r„^d(/(T"-> (x)),/(x)) < k for all j G N. Then we have that 
liminf„_>+oo r„d(/(T"(x)),/(x)) < k < +cxd. Then x G TZ{T) and this proves the 
claim. 

As a consequence of the claim [T] we get the following claim: 

Claim 2. fi{TZ{T)) > 1 — e if and only if there exists k > 0 such that for all m gN 
, there exists a positive integer I > m such that /i(UL=m kC^)) > 1 ~ 

In fact, let us suppose that p.{TZ{T)) > 1 — e. Then, we have that 

M7e(T))= hm Mfl xi^{T))>l-e 

k—¥-\-oo ' ' ’ 

m>l n>m 

and then there exists k > 0 such that M(nm>i Un>m > 1 — £• So, there 

exists k > 0 such that for all m G N A^(Un>m ^nki'^')') > 1 ~ It follows that there 
exists Z > m such that^.(r)) > 1 —e. On the other hand, let us suppose 
that there exists k > 0 such that for all m G N, there exists a positive integer I > m 
such that > 1 - e- This implies that Ai(U„>m> 1 - e 

and letting m —>• oo we have p{r\m>i fe(T)) > 1 — e. Now, it is clear that 

fj,(TZ{T)) > 1 — € and this finish the claim [f] 

Now, let us define for each e > 0 and Z > m in N the set: 

i 

: there exists Zc > 0 such that /r( U V„VT))>l-t) 

n—m 

Then we have: 

Claim 3. is open in the uniform topology. 

Let us fix u, fc G N and T G M [M, pt]. If S' G AI [M, pi] then by triangle inequality 
we have that r„d(/(S”(x)), /(x)) < r„d(/(S"(x)), /(r"(x)))+r„d(/(T"’(x)), /(x)). 
So, using the continuity of / we have that if S is sufficiently close to T in the uniform 
topology (see definition [5]) then C Using the same argument, if 

we fix Zc > 0, Z > m and T G M[M,p] then ULm^»,fc(T) C ULm^»,fe(T) for 
every S G Ai[M, pi] sufficiently close to T. This shows that 72™’* is open and finish 
the proof of claim |3l 

Now, let us define for each e > 0 the set 

72" := {T G M[M, pi] : pi{n{T)) > 1 - e}. 

It follows from claim [D that 72(T) = Ufc>o flm^i U„>m Now, using the 

claimwe get that: 

72" = n U 

mGN l>Tn 


6 


ANDRE JUNQUEIRA 


which shows that TZ'^ is a Gs set for each e > 0. If we show that is dense 
in for each e > 0 then TZ := generic of Theo¬ 
rem E Now, note that Per{T) C TZ{T) and then we have that {T G : 

^{Per{T)) > \ — e} CTZ'^. So it follows from lemma ITT] that TZ^ is dense and this 
proves the Theorem E □ 

Proof. (Theorem [B|) Given T G Ad[M,/r] and p G N we define: 

{r„},T) := {x G M : d(/(T"(x)),/(p)) < — for infinitely many n} 

and note that: 

Wl{y,{rn},T)= fl U T-^r^{B{f{y),^))). 

m>l n>m ^ 

Then we have the following claim: 

Claim 4. Given e > 0 we have that ii{yV^{y,{rn},T)) < e if and only if for 
every m G N (sufficiently large) there exists I > m (sufficiently large) such that 

l^{[jLmT--if-\B{fiy),^)))) <e. 

In fact, if p(VV^(y,{rji},T)) < e then we get that: 

hm U T-"(/-i(B(/(y),^))) I <e 

\n>m J 

which implies that p (Un>m B~^{f~^{B{f{y), ^)))^ < e for all m G N sufficiently 

big. Then we have that lim/^+oo M (^UL=m B~"(f~^(B(f(y), :^)))^ < e for all 

m G N. So, we have that for all m G N there exists I > m(sufficiently large) such 
that: 

U T-"(/-i(B(/(j/),f))) I <e. 

\ ' n j 

\n—m / 

On the other hand let us suppose that for all m G N there exists I > m (sufficiently 
large) such that: 

U r-”(r'W(j/),f)))) <e- 

\n—m ^ / 

Then, letting I -hoo we get that y. (Un>m^)))) < ® 
m G N and then we get that y{yV^{y, {r„},T)) < e. This proves the claim |4l 

Now, let us define for each e > 0 the set: 

g,,p = {rGM[M,p] :p(>V/( 2 /,K},T)) <e} 
and for each e > 0 and I > m: 

e™/ ■.= {TeM[M,y]-.y( (J T--(f-\B{f{y), ^)))] < e}. 

\n—m / 

Then, the next claim is the following: 
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Claim 5. Each set is open in the uniform topology and Qe,p = PlmeN Uj>m ■ 
In particular, Ge,p is a Gs set. Furthermore, Q^^ p is dense in A4[M,fj]. 

The equality follows from lemma |4l The opening follows from the same argu¬ 
ment of claim [3] and will be omitted. So, let us prove the density. Using that 
/^(/“^({/(y)}) = 0 we get that: 

Per{T) C X - W^{y, {r„}, T) {modp) 

and then: 

{T € M[M,p\ : y(Per(T)) > 1 - e} C g,,p 
and follows from lemma m that t/e p is dense. The claim [5] is over now. 

So, we have that ge,p is a generic set for every e > 0. Now, if we define: 

Sp •= Si/q,p 

q&N 

then Gp is a generic set and if T G Gp then /r(yV^(j/, {r„}, T) = 0, which shows 
that liminf„_>.+oo rnd{f{T^{x), /(y))) > p for /r a.e. x G M T G Gp- Now, if we 
define: 

G:=r\Gp 

peN 

then is a generic set and hminf„_^+oo i"nd{f{T'^{x)), f{y)) = -foo for p a.e. x G M 
if T G G- This finish the proof of theorem IB] 

□ 


Proof. (Theorem [C]) Let us begin with the following lemma: 

Lemma 12. Let be A the lebesgue measure on K". Then, for every e > 0 the set of 
homeomorphisms T G A1(K.",A) such that \{{Per{T)Y) < e is dense in Ad[K",A] 
with respect to compact open topology, where Per{T) denotes the set of periodic 
points of T. 

Proof. Let C{f,K,6) a basic open set with respect to compact open topology. We 
can suppose without loss of generality that K is a compact cube. Given C a compact 
cube containing K U f{K) in its interior. Then it follows from Lemma 12.2 of |BF] 
that there exists / G A1[K.", A] which leaves C invariant, and agrees with f on K. 
Now, it follows from the proof of lemma [TT] that there exists g G where 

A4(C, A) denotes the set of homeomorphisms of C such that the lebesgue measure 
is invariant, such that X{Per{g)) > A(C') — e and d{g{x),f{x)) < <5 for A-qtp x G C. 
Let Cl D C be a cube concentric to C such that A(Ci — C) < e and extend p to a 
homeomorphism of Ci onto itself such that g it is equal to identity on the boundary 
of Cl. Let A := Cl — C and define for each borel set B C A the measures: 

pLi(B) = X{B) and y 2 (P) = X{g{B)). 

Therefore by the Homeomorphic Measures Theorem (see Corollary A2.6 on m) 
there exists a homeomorphism h : A ^ A such that p, 2 {h{B)) = yi(i?) for each 
borel set B C A and such that h is the identity on the boundary of A. Now, define 
fc : Cl —>■ Cl such that: 

k(x) = g{x) in C and k(x) = g(h{x)) in Ci — C 
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and define g : R" —>■ R” such that: 

g{x) = k(x) in Ci and g{x) = Id in C^. 

Note that g G ^^(R^jA), \{Per{gY) < 2e and g G C{f,K,S) which shows the 
density. 

To complete the proof of Theorem [C] we follow the same ideas of Theorem El In 
fact let us define for each T G Ad[R", A] the set: 

'H{T) = {a; G R" : liminf rji|T”(a:) — a;| < +oo}. 

n—^oo 

Given n, fc G N we define: 

YnAT) = {x G R" : r„|r"(x) - x| < k}. 

The following two claims holds in the same way that the compact case: 

Claim 6. 

n(T) = U n U ^r.AT) 

fe>0 m.> 1 n^m 

Claim 7. A([H(T')]'^) < e if and only if there exists k > 0 such that for all m G N 
, there exists a positive integer I > m such that A(n„=m[^"A(^)]'^) < 

Now, let us define for each e > 0 and / > to in N the set: 

i 

|y g Ad[R", A] : there exists fc > 0 such that A( P| {Yn^kiT)Y) < e} 

n—m 

Then we have: 

Claim 8. 71™’* is open in the compact-open topology 

Proof. (clairrjS]) Let T G 77™’*- Then we have to prove that if S is sufficiently close 
of T then S G 77™’*. Note that it is enough to prove that if S is sufficiently close 
to T then Yn^k{T) C Yn^k{S). By triangle inequality: 

r„|S'”(x) - x| < r„|S'”(x) - r”(a:)| + r„|r”(x) - x| 

Using this inequality and the metric U of the compact open topology we get that 
if S is close of T then Yn^kiT) C Yn^k{S) and this prove the opening. □ 

Now, let us define for each e > 0 the set 

77, = {T G Ad[R", A] : g.{{'H{T)Y) < e} 

and using the claim [7] we get: 

77, = n u 

ttiGN Z>m 

and then 77, is a Gs set and dense by lemma [121 The residual set is then given by 

77 := f| 77i/„ 

neN 

which proves the theorem (Cl 

□ 

□ 
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Proof. (Corollary [To]) Let T € AT[M, /r] be a homeomorphism with superpolynomial 

-1 

decay of correlations. Then, if we take /3 > dfi{y) and tn '■= n~^ we have that 
0 < ^ < and then it follows from the proof of main theorem of |Ga] that the 

sequence of balls {B{y,tn)} is Borel-Cantelli, which means that 

/r({x € M : d(T”(x), y) < tn for infinitely many n}) = 1. 

This implies that 

liminf n'^d(r"(x), y) < 1 

n—>-+oo 

for /i-a.e.x € M. On the other hand, using theorem IbI with f = Id and r„ = 
we get a residual set Qi C M[M,y] such that T G Qi implies: 

liminf n?d(T"(x),j/) = +oo for y a.e. x € M. 

n—)-+oo 

This shows that in this generic set the decay of correlations is not super-polynomial 
and the proof is over. 

□ 
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